Abstract. We prove a more general version of a result announced without proof in [DP], claiming roughly that in a partially integrable highest weight module over a Kac-Moody algebra the integrable directions form a parabolic subalgebra.
Introduction
Integrable highest weight modules of Kac-Moody algebras are analogs of finitedimensional modules and have been studied in detail, see [K2] . Based on the work of Kac and Wakimoto, [KW] , in the earlier paper [DP] we initiated the study of partially integrable highest weight modules. In particular we announced the statement (Proposition 3) that in a partially integrable highest weight module of an affine Lie algebra the integrable directions form a parabolic subalgebra. The main point of the present paper is to prove a more general theorem for partially integrable modules over Lie superalgebras. Another way of looking at this theorem is as an infinite-dimensional version of a result in [DMP] .
Here is a brief summary of the paper. As we are dealing with highest weight modules, we take the opportunity to introduce a rather general definition of a Borel subsuperalgebra of an arbitrary Lie superalgebra with generalized root decomposition. It enables us to consider highest weight modules in natural generality. We then introduce the class of weak Kac-Moody superalgebras which contains in particular usual Kac-Moody algebras, affine Lie superalgebras (with or without central extension) and direct limit Lie algebras (and Lie superalgebras) like A(∞). In section 2 we establish the main result which gives a complete characterization of integrable 1 directions in certain highest weight modules of weak Kac-Moody superalgebras.
The paper is concluded by detailed discussion of examples.
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1. Notations and preliminaries 1.0. Notations. The ground field is C. The signs ⊂ + and ⊃ + stand for semi-direct sum of Lie superalgebras. All vector spaces are automatically Z 2 -graded, but when Lie algebras (and their representations) are considered it is assumed that their Z 2 -grading is trivial, i.e. that the odd part is zero. For a vector space, the subscripts 0 and 1 refer always to a Z 2 -grading; the dimension of a vector space is written as m + nε, ε denoting a formal odd variable with ε 2 = 1. The superscript * stands for dual space. Complex (respectively, real) span is denoted by < > C (resp. < > R ), and δ ij is Kronecker's delta. We put R + := {r ∈ R | r ≥ 0}, R − := {r ∈ R | r ≤ 0}.
1.1. Lie superalgebras with root decomposition and generalized weight modules. If g = g 0 ⊕ g 1 is a Lie superalgebra, a Cartan subsuperalgebra of g is by definition a self-normalizing nilpotent Lie subsuperalgebra h = h 0 ⊕ h 1 ⊂ g. We do not assume g or h to be finite-dimensional. An h-module V α is a generalized weight space of weight α iff for every h ∈ h 0 , h−α(h) acts locally nilpotently on V α , α ∈ h * 0 being a fixed linear function on h 0 . Note that, since each non-zero Z 2 -homogeneous vector in V α generates a finite-dimensional h 0 -submodule of the h 0 -module V α , and h 0 acts via α on every 1-or ε-dimensional irreducible subquotient of this module, one necessarily has α| [h0,h0] = 0 for any α ∈ ∆. By definition, an element λ ∈ h * 0 is a weight iff λ| [h0,h0] = 0.
Henceforth g = g 0 ⊕ g 1 will denote a Lie superalgebra with a fixed proper Cartan subsuperalgebra h = h 0 ⊕ h 1 such that g has a generalized weight decomposition as an h-module, i.e. as an h-module g decomposes as
each g α being a generalized weight space of respective weight α. The generalized weight spaces g α are by definition the root spaces of g, ∆ := {α ∈ h * 0 \{0}|g α = 0}
is the set of roots of g, and the decomposition (1) is the root decomposition of g.
Unless the contrary is stated explicitly, all g-modules V we consider will be assumed to be generalized weight modules, i.e. to admit a decomposition as h-
where each V λ is a generalized weight space of respective weight λ. All weights λ with V λ = 0 form the support of V suppM .
1.2. Lines and line subsuperalgebras. We call a line of g any 1-dimensional real subspace of R∆ :=< ∆ > R which has non-zero intersection with the set of roots ∆ of g. Given a line of g, its line Lie subsuperalgebra g , or line subsuperalgebra for short, is the Lie subsuperalgebra of g generated by all root spaces g α for α ∈ ∩ ∆.
A line is finite iff dimg < ∞, and is infinite otherwise. Proposition 3 in [PS] implies that for a finite line there are only the following alternatives:
(i) g is a nilpotent Lie superalgebra,
where r denotes the radical of g and moreover this radical is nilpotent. In particular, if g is not nilpotent, the semi-simple part of the Lie algebra g 0 is isomorphic to sl(2) and there is a standard basis e , h , f of g 0 with
In what follows we will call a finite line of g
-an sl(2)-line if g is not nilpotent.
1.3. Borel subsuperalgebras and highest weight g-modules. A decomposi-
is triangular decomposition of ∆ iff the cone R + (∆ + ∪ −∆ − ) 1 (or equivalently, its opposite cone
is a triangular decomposition if the following is a well-defined R-linear partial order on R∆:
(A partial order is R-linear if it is compatible with addition and multiplication by R + , and if multiplication by R − changes order direction).
Any regular real hyperplane H in R∆ (i.e. a codimension 1 linear subspace H with H ∩ ∆ = ∅) together with an orientation on R∆\H determines a triangular decomposition of ∆: ∆ ± are then by definition the subsets of ∆ which belong respectively to the "positive" and the "negative" connected components of R∆\H.
If ∆ is finite, then conversely, every triangular decomposition is obtained in this way. If ∆ is infinite, the process of constructing a triangular decomposition from a hyperplane can be generalized for instance as follows.
Every regular oriented full flag F in R∆ determines now a triangular decomposition of ∆ such that
where (∆ i ) ± are the intersections of ∆ respectively with the "positive" and "negative" connected components of
In terms of this latter order, the linear partial order on R∆ can be written as
where β > 0 iff β belongs to the positive component of
If dimR∆ < ∞, the reader will verify that fixing a linear order on R∆ is equivalent to fixing a regular oriented full flag F (i.e. an oriented flag of length dimR∆ + 1)
in R∆, and moreover that each triangular decomposition of ∆ is determined by a (in general not unique) regular oriented full flag, cf. [DP] .
A Lie subsuperalgebra b of g is by definition a Borel subsuperalgebra of g iff
terminology from affine Kac-Moody algebras, we will call a Borel subsuperalgebra standard iff it corresponds to a triangular decomposition which can be determined by a regular hyperplane H in R∆. When dimg < ∞, every Borel subsuperalgebra is standard. The partial order (3) corresponding to a given Borel subsuperalgebra b will be denoted from now on by ≥ b .
If v is an irreducible generalized weight b-module (the Cartan subsuperalgebra of
would be a proper b-submodule) and thus v is simply an irreducible generalized weight h-module. If dimh 1 < ∞, v is finite-dimensional (v necessarily has a weight vector v, i.e. a vector v on which h 0 acts via a weight λ, and therefore v is a quotient of the finite-dimensional h-module
Cv), v consists of a unique generalized weight space, and is determined up to parity change by its weight.
An explicit description of all irreducible finite-dimensional modules over a finitedimensional solvable Lie superalgebra has been given by Kac in [K1] (see also [PS] ).
If dimh 1 = ∞, v may be infinite-dimensional but it is still necessarily a quotient of
Cv for some weight vector v, and therefore v has a unique generalized weight space. In what follows we will always denote an irreducible generalized weight h-(or b-)module by v λ , λ ∈ h * 0 being its respective weight.
A b-highest weight module is a generalized weight g-module V whose support suppV belongs to a shift of the cone R + (∆ + −∆ − ) by a weight in h * 0 , and which is generated by a weight space V λ such that λ is a maximal element of suppV with respect to ≥ b and V λ is an irreducible h-module. The weight space V λ , which is obviously unique, is by definition the highest weight space of V . Furthermore, V λ is necessarily an irreducible b-submodule of V . Conversely, if v λ is any irreducible b-module, then the Verma modulẽ
is a b-highest weight module, and moreover any b-highest weight module with highest weight space v λ is isomorphic to a quotient ofṼ b (v λ ). Indeed, note first that If is a line of g, we call a g-module V -integrable iff any element of g acts locally finitely on V . For a highest weight module with highest weight space v λ this is equivalent to requiring that g acts locally finitely on v λ .
1.4. Weak Kac-Moody superalgebras. In order to be able to state our main result in its natural generality we need to introduce the class of weak Kac-Moody superalgebras. We define a Lie superalgebra g to be a weak Kac-Moody superalgebra 2 iff the adjoint g-module is -integrable for every sl(2)-line of g and if there is a 2 If g is a Lie algebra, we will use the term weak Kac-Moody algebra.
Borel subsuperalgebra b of g which admits a set Σ b ⊂ ∆ + , called weak basis of b, such that:
-for every β ∈ Σ b , Rβ is an sl(2)-line;
-assuming that α ∈ ∆ + , for every sl(2)-line of g one has α = β i ∈Σ b c i β i for some strictly positive constants c i , and e , f and h belong to the Lie subalgebra l of g 0 generated by e Rβ i , f Rβ i for β i ∈ Σ b with c i = 0;
-for every sl(2)-line the matrix A = (
and p, q run over the set of indices {i|c i = 0}, is a generalized Cartan matrix, see [K2] , and moreover there exists a Lie subalgebra l of g 0 with below. An example of a Lie algebra which is not a weak Kac-Moody algebra (i.e.
no Borel subalgebra containing the fixed Cartan subalgebra admits a weak basis) is every generalized Kac-Moody algebra with at least one imaginary simple root, see [Bo] .
The main result
Let g be a weak Kac-Moody superalgebra, b be a Borel subsuperalgebra with weak basis Σ b , and V be a b-highest weight g-module with highest weight space v λ . By ∆ F V we denote the set of all roots α ∈ ∆ for which V is Rα-integrable. The following Theorem characterizes all sl(2)-lines such that V is -integrable.
Theorem. For an sl(2)-line = Rα with
Proof. Fix an sl(2)-line of g, the Lie algebra l , and the corresponding elements e i , h i , f i ∈ l (see the definition of weak Kac-Moody superalgebra). We start with Lemma 1. It is sufficient to prove the claim of the Theorem for Kac-Moody algebras.
Proof of Lemma 1. V is a sum (not necessarily direct) of (b ∩ l )-highest weight l -modules. We will show now that, for an sl(2)-line of l , g acts locally finitely on v λ (i.e. α ∈ ∆ F V for any α ∈ ) iff g acts finitely on each of the (1-or ε-dimensional) highest weight spaces of these l -modules.
It is a tautology that if g acts finitely on all those highest weight spaces, then g acts locally finitely on v λ .
Conversely, let g ∈ g act finitely on v λ . We claim that g acts locally finitely on V and in particular on all highest weight spaces of l -modules. Indeed, if
Since g is -integrable and g acts finitely on v we conclude that dim(< {g r · x · v | r ∈ R + } > C ) < ∞ and hence g acts finitely on x · v.
An obvious induction argument enables us to conclude that g acts locally finitely on the module V , and in particular it acts finitely on the highest weight spaces under consideration.
Set furthermore g = g(A), let b be the Borel subalgebra of g which projects onto b ∩ l , and let W be a (b ∩ l )-highest weight l -module. Define W to be W considered as a g -module with trivial action of i. According to Lemma 1 it is enough to establish the Theorem for the b -highest weight g -module W . First we 
where k runs over
)·v ν is integrable as a ((g ) ss 0 -modules, the assumption that R(α − kβ i ) is an infinite line of g would imply that is an infinite line of g as well, which is contradiction.
Therefore
and hence f cf. [PS] , iff they correspond to triangular decompositions ∆ = (∆ + ) (∆ − ) and To finish the proof note that since g is a Kac-Moody algebra there exists a chain 
In the case when g is finite-dimensional and M is irreducible the claim of the Theorem is known to be a non-difficult corollary of Gabber's theorem, see for instance Corollary 2.7 in Fernando's paper [Fe] . In the same paper Fernando has found an analog of this result for non-highest weight irreducible modules with finitedimensional weight spaces, Proposition 4.17. In the recent paper [DMP] Fernando's result has been extended to arbitrary irreducible generalized weight modules of finite-dimensional Lie superalgebras, Corollary 5.2. Our Theorem can be viewed as an infinite-dimensional version of this result for highest weight modules.
Examples
We will complete the paper by discussing several types of weak Kac-Moody superalgebras and their respective Borel subsuperalgebras admitting a weak basis. 3.2. Every Kac-Moody algebra is a weak Kac-Moody algebra. However not every Borel subalgebra of a Kac-Moody algebra admits a weak basis. We have Proposition 1. a) A Borel subalgebra b of a Kac-Moody algebra g admits a weak basis iff b is standard and moreover F can be chosen in a way that
Every finite-dimensional
where Z is the imaginary cone of g (see [K2] for the definition of imaginary cone).
b) If b admits a weak basis, then a weak basis of b is nothing but a root basis of
Proof. An exercise on the root systems of Kac-Moody algebras using Propositions 5.8 and 5.9 from [K2] .
Noting that for an affine Lie algebra the imaginary cone Z coincides with the infinite line, we see that a Borel subalgebra of an affine Lie algebra admits a basis iff it is standard. This observation shows that for affine Lie algebras our Theorem is nothing but Proposition 3 in [DP] which was announced there without proof.
3.3. All affine Lie superalgebras considered in [DP] are weak Kac-Moody superalgebras. A Borel subsuperalgebra of any of these Lie superalgebras admits a weak basis iff it is standard. (However, obviously the weak bases introduced in the present paper do not coincide with the bases considered in [DP] .) Theorem 2 leads to a quicker and more natural proof of Theorem 2 from [DP] . Consider the Lie algebra gl(∞) = {A = (a ij ) i,j∈Z | a ij = 0 for all but finitely many pairs (i, j)} with the Lie bracket [A, B] = AB − BA. We fix the Cartan
, where E ij denotes the matrix whose unique nonzero matrix element is e ij = 1, and define
We then consider the following subalgebras of gl(∞):
where sgn(i) :=
The Cartan subalgebras of the Lie algebras under consideration are:
The corresponding sets of roots are:
Let now g = B(∞), C(∞) and D(∞). The only difference is that in these cases b has a weak basis iff the only limit point of {ϕ(β i )} (respectively of {ϕ(γ i )}) is supϕ(β i ) (resp. supϕ(γ i )), and hence all Borel subalgebras which admit a weak basis correspond to the following Dynkin diagrams: shows that these Borel subalgebras admit weak basis. Bahturin and Benkart define Borel subalgebras in g as a direct limit of Borel subalgebras of simple finitedimensional subalgebras, but using Proposition 2 it is not difficult to verify that for g = A(∞), B(∞), C(∞), D(∞) the class of Borel subalgebras considered in [BB] is the same as the class considered in the present paper.
3.5. Consider the Lie superalgebra gl(∞ + ∞ε). It can be defined as follows.
Declare E ij to be even if i ≥ 0, j ≥ 0 or i < 0, j < 0, and E ij to be odd if i ≥ 0, j < 0 or i < 0, j ≥ 0. This gives a Z 2 -grading on the span < E ij > C (which by definition is the underlying vector space of gl(∞+∞ε)), and we define the Lie superbracket of gl(∞ + ∞ε) as the supercommutator of matrices corresponding to this Z 2 -grading. 
